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ON DEGENERATIONS OF LIE SUPERALGEBRAS
MARI´A ALEJANDRA ALVAREZ AND ISABEL HERNA´NDEZ
Abstract. We give necessary conditions for the existence of degener-
ations between two complex Lie superalgebras of dimension (m,n). As
an application, we study the variety LS(2,2) of complex Lie superalge-
bras of dimension (2, 2). First we give the algebraic classification and
then obtain that LS(2,2) is the union of seven irreducible components,
three of which are the Zariski closures of rigid Lie superalgebras. As
byproduct, we obtain an example of a nilpotent rigid Lie superalgebra,
in contrast to the classical case where no example is known.
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1. Introduction
The problem of determining the orbits closures, or the irreducible com-
ponents of varieties of algebras, have been studied for many structures: Lie
algebras ([6], [7], [10], [11], [16], [22], [23], [25], [27], [28]), Jordan algebras
([1], [2], [15], [18], [19]), Leibniz algebras ([13], [17], [21]), pre-Lie algebras in
[8], Novikov algebras in [9], Filippov algebras in [14], binary Lie and nilpo-
tent Malcev algebras in [20], superalgebras in [3], etc. However, we have
found no literature about Lie superalgebras.
The aim of this paper is to give necessary conditions for the existence of
degenerations between two complex Lie superalgebras of dimension (m,n).
For this goal, some invariants are studied (see section 2.1). As an appli-
cation, we study the variety of (2, 2)-dimensional Lie superalgebras, where
the group GL2(C) ⊕ GL2(C) acts by “change of basis” producing fourteen
orbits, five orbits depending of one parameter, and one orbit depending of
two parameters (see Theorem 3.1). After that, we obtain the Zariski closure
of every orbit, and the irreducible components of this variety (see Theorem
3.3). Moreover, we obtain a nilpotent rigid Lie superalgebra, i.e., a nilpo-
tent Lie superalgebra whose Zariski orbit is open (see Theorem 3.2). It is
important to notice that in the classical case, there are no known examples
of nilpotent rigid Lie algebras.
1.1. Preliminaries. A supervector space V = V0 ⊕ V1 over the field F, is
a Z2-graded F-vector space, i.e., a vector space decomposed into a direct
sum of subspaces. The elements on V0 \ {0} (respectively, on V1 \ {0}) are
called even (respectively, odd). Even and odd elements together are called
homogeneous; the degree of an homogeneous element is i, denoted by |v| = i,
if v ∈ Vi \ {0}, for i ∈ Z2. If dimF(V0) = m and dimF(V1) = n, we say that
the dimension of V is (m,n). The vector space End(V ) can be viewed as
a supervector space, denoted by End(V0|V1), where End(V0|V1)i = {T ∈
End(V ) | T (Vj) ⊂ Vi+j, j ∈ Z2}, for i ∈ Z2. Given an homogeneous basis
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{e1, . . . , em, f1, . . . , fn} for V = V0 ⊕ V1, (that is, V0 = SpanF{e1, . . . , em}
and V1 = SpanF{f1, . . . , fn}), it follows that End(V0|V1)i can be identified
with (Mat(m|n)(F))i, for i ∈ Z2, where
(Mat(m|n)(F))0 =
{(
A 0
0 D
)
|A ∈ Matm(F), D ∈ Matn(F)
}
, and
(Mat(m|n)(F))1 =
{(
0 B
C 0
)
|C ∈ Matn×m(F), B ∈ Matm×n(F)
}
.
In particular, Aut(V0|V1) is a Z2-graded group such that Aut(V0|V1)0 can
be identified with GLm(F)⊕GLn(F).
A Lie superalgebra is a supervector space g = g0 ⊕ g1 endowed with a
bilinear map [[·, ·]] : V × V → V satisfying the following
(i) [[gi, gj ]] ⊂ gi+j, for i, j ∈ Z2.
(ii) The super skew-symmetry: [[x, y]] = −(−1)|x||y|[[y, x]].
(iii) The super Jacobi identity:
(−1)|x||z|[[[[x, y]], z]] + (−1)|x||y|[[[[y, z]], x]] + (−1)|y||z|[[[[z, x]], y]] = 0
for x, y, z ∈ (g0∪g1)\{0}. A linear map between Lie superalgebras Φ : g→ g
′
is called a Lie superalgebra morphism if Φ is even (i.e. Φ(gi) ⊂ gi, for
i ∈ Z2), and Φ([[x, y]]) = [[Φ(x),Φ(y)]]
′, for x, y ∈ g. (see [26] for standard
terminology on Lie superalgebras).
Let V = V0⊕V1 be a complex (m,n)-dimensional supervector space with a
fixed homogeneous bases {e1, . . . , em, f1, . . . , fn}. Given a Lie superalgebra
structure [[·, ·]] on V , we can identify g = (V, [[·, ·]]) with its set of structure
constants
{
ckij , ρ
k
ij ,Γ
k
ij
}
∈ Cm
3+2mn2 , where
[[ei, ej ]] =
m∑
k=1
ckijek, [[ei, fj ]] =
n∑
k=1
ρkijfk, and [[fi, fj ]] =
m∑
k=1
Γkijek.
Since every set of structure constants must satisfy the polynomial equations
given by the super skew-symmetry and the super Jacobi identity, the set of
all Lie superalgebras of dimension (m,n) is an affine variety in Cm
3+2nm2 ,
denoted by LS(m,n). Notice that every point {ckij , ρ
k
ij ,Γ
k
ij} ∈ LS
(m,n) repre-
sents a Lie superalgebra of dimension (m,n).
On the other hand, since Lie superalgebra isomorphisms are even maps,
it follows that the group G = GLm(C)⊕GLn(C) acts on LS
(m,n) by “change
of basis”: g · [[x, y]] = g[[g−1x, g−1y]], for g ∈ G and x, y ∈ g. Observe that
the set of G- orbits of this action are in one to one correspondence with the
isomorphism classes in LS(m,n).
2. Degenerations on the variety LS(m,n)
We recall some known facts for irreducible varieties. A nonempty alge-
braic set is said to be irreducible if it cannot be written as the union of
two proper, nonempty, algebraic subsets. Also, every nonempty algebraic
set Y can be written as the union of a finite number of maximal irreducible
algebraic subsets X = X1 ∪ · · · ∪Xr; these are called the irreducible com-
ponents of X. Notice that such decomposition is unique.
As a first step for finding such irreducible components we use the following
result:
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Lemma 2.1. If G is a connected algebraic group acting on a variety X, then
the irreducible components of X are stable under the action of G. Moreover,
the irreducible components of the variety X are closures of single orbits or
closures of infinite families of orbits.
Definition 2.2. An element x ∈ X is called rigid, if its orbit O(x) is open
in X.
Rigid elements of the variety are important due to the fact that if x is
rigid in X, then there exists an irreducible component C such that C ∩O(x)
is a non-empty open in C and thus C ⊂ O(g).
Consider now the variety LS(m,n). Given two Lie superalgebras g and h,
we say that g degenerates to h, denoted by g → h, if h lies in the Zariski
closure of the G-orbit O(g), where G = GLm(C)⊕GLn(C). Since each orbit
O(g) is a constructible set, its closures relative to the Euclidean and the
Zariski topologies are the same (see [24], 1.10 Corollary 1, p. 84). As a
consequence the following is obtained.
Lemma 2.3. Let C(t) be the field of fractions of the polynomial ring C[t]. If
there exists an operator gt ∈ GLm(C(t))⊕GLn(C(t)) such that lim
t→0
gt ·g = h,
then g→ h.
Given g = g0 ⊕ g1 ∈ LS
(m,n), recall the identification of g with its set
of structure constants, g =
{
ckij , ρ
k
ij ,Γ
k
i,j
}
. From the previous Lemma, it
follows that every Lie superalgebra g ∈ LS(m,n) degenerates to the Lie su-
peralgebra a = {0, 0, 0}. In fact, take gt = t
−1 (Im ⊕ In), where Ik is the
identity map in GLk(C), then lim
t→0
gt · g = a. Thus, g→ a.
2.1. Invariants. Next we list the invariants for the variety LS(m,n) that will
be used to obtain non-degenerations in the variety. Most of these invariants
have already been used in the study of the variety of Lie algebras. Given g ∈
LS(m,n), we use the notation Γg for
(
Γkij
)
. On the other hand, D(α, β, γ)(g)
denotes the space of (α, β, γ)-derivations for the Lie superalgebra g (see [29]
for more details).
We define the mapA : LS(m,n) → LS(m,n) by
{
ckij , ρ
k
ij ,Γ
k
i,j
}
7→
{
ckij , 0, 0
}
.
Notice that the map A is a morphism that ‘forgets’ the Lie superalgebra
structure on g and retrieves the Lie (super)algebra h = g0⊕C
n →֒ LS(m,n).
It is easy to see that, the mapA isG-equivariant, that is, A
(
g ·
{
ckij , ρ
k
ij ,Γ
k
ij
})
= g · A
({
ckij , ρ
k
ij ,Γ
k
ij
})
, for g ∈ G. Moreover,
A
(
G ·
{
ckij , ρ
k
ij ,Γ
k
ij
})
= G ·
{
ckij , 0, 0
}
.
As a consequence we obtain the following useful result:
Lemma 2.4. Let g = g0 ⊕ g1, h = h0 ⊕ h1 ∈ LS
(m,n). If g → h, then
g0 → h0.
Also, we have the following relations:
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Lemma 2.5. Let g, h ∈ LS(m,n). If g→ h, then the following relations must
hold:
(i) dimO(g) > dimO(h).
(ii) If Γg ≡ 0 then Γh ≡ 0.
(iii) dim(g1)i ≥ dim(h
1)i for i ∈ Z2, where g
1 = [g, g].
(iv) dimD(α, β, γ)i(g) ≤ dimD(α, β, γ)i(h), for i ∈ Z2.
(v) Let B and B′ be fixed bases for g and h, respectively. If tr ad(x) = 0
for every x ∈ B, then tr ad(y) = 0, for every y ∈ B′.
Proof. Item (i) follows by the Closed Orbit Lemma (see [5] I. Lemma 1.8,
p. 53). The remainning follow by proving that the corresponding sets are
closed, using in some cases the upper semi continuity of appropriated func-
tions (see [12], §3 Theorem 2, p. 14). 
Definition 2.6. Let g =
{
ckij , ρ
k
ij ,Γ
k
ij
}
be a Lie superalgebra in LS(m,n).
(1) The Lie superalgebra ab(g) is defined by ab(g) =
{
0, 0,Γkij
}
.
(2) The Lie (super)algebra F(g) is defined by F(g) =
{
ckij, ρ
k
ij , 0
}
.
Lemma 2.7. Let g, h ∈ LS(m,n). If g→ h, then
(i) ab(g)→ ab(h),
(ii) F(g)→ F(h).
Proof. Let {e1, . . . , em, f1, . . . , fn} be an homogeneous basis for the under-
lying supervector space V = V0 ⊕ V1 of g and h. Since g→ h it follows that
there exists a map gt ∈ GLm(C(t))⊕GLn(C(t)) such that lim
t→0
gt · g = h. In
particular
(i) lim
t→0
gt[[g
−1
t fi, g
−1
t fj]]g = [[fi, fj]]h. Hence, ab(g)→ ab(h).
(ii) lim
t→0
gt[[g
−1
t ei, g
−1
t ej ]]g = [[ei, ej ]]h and lim
t→0
gt[[g
−1
t ei, g
−1
t fj]]g = [[ei, fj]]h.
Therefore, F(g)→ F(h).

The (i, j)-invariant. Let g ∈ LS(m,n) and (i, j) be a pair of positive
integers. Let
ci,j =
tr(adx)i tr(ad y)j
tr ((adx)i ◦ (ad y)j)
be a quotient of two polynomials in the structure constants of g, for all
x, y ∈ g such that both polynomials are not zero. If ci,j is independent of
the choice of x and y, then it is an invariant called the (i, j)-invariant of
g.
Lemma 2.8. Let g, h ∈ LS(m,n). If g→ h and the (i, j)-invariant exists for
both Lie superalgebras, then g and h have the same (i, j)-invariant.
3. The variety LS(2,2)
Lie superalgebras of dimension 4 over R were classified in [4]. How-
ever, Backhouse’s classification does not include the classification of (2, 2)-
dimensional Lie superalgebras over C. We provide in this section a complete
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classification, up to isomorphism, of all complex Lie superalgebras of dimen-
sion (2, 2). The representatives of the isomorphism classes are denoted by
LSn, where n ∈ {0, . . . , 19}. We write the products for each of them, in
terms of an homogeneous basis {e1, e2, f1, f2}, where (LSn)0 = Span{e1, e2}
and (LSn)1 = Span{f1, f2}. Some of these Lie superalgebras depend on
one or two complex parameters, producing non-isomorphic families of Lie
superalgebras as the following Theorem shows.
Theorem 3.1. Let g be a complex Lie superalgebra of dimension (2, 2).
Then, g is isomorphic to one and only one of the following Lie superalgebras:
LS0 : [[·, ·]] = 0.
LS1 : [[f1, f1]] = e1, [[f2, f2]] = e2.
LS2 : [[f1, f1]] = e1, [[f2, f2]] = e1.
LS3 : [[f1, f1]] = e1.
LS4 : [[f1, f2]] = e1, [[f2, f2]] = e2.
LS5 : [[e1, f1]] = f1, [[e2, f2]] = f2.
LSα6 : [[e2, f1]] = f1, [[e2, f2]] = αf2.
LS7 : [[e2, f1]] = f1, [[e2, f2]] = −f2, [[f1, f2]] = e1.
LS8 : [[e2, f1]] = f1, [[f2, f2]] = e1.
LS9 : [[e1, f1]] = f1, [[e1, f2]] = f2, [[e2, f2]] = f1.
LS10 : [[e2, f1]] = f1, [[e2, f2]] = f1 + f2.
LS11 : [[e2, f2]] = f1.
LS12 : [[e2, f2]] = f1, [[f2, f2]] = e1.
LSα,β13 : [[e1, e2]] = e1, [[e2, f1]] = αf1, [[e2, f2]] = βf2.
LSα14 : [[e1, e2]] = e1, [[e2, f1]] = αf1, [[e2, f2]] = −(α+ 1)f2,
[[f1, f2]] = e1,
LSα15 : [[e1, e2]] = e1, [[e2, f1]] = αf1, [[e2, f2]] = −
1
2f2,
[[f2, f2]] = e1.
LSα16 : [[e1, e2]] = e1, [[e2, f1]] = αf1, [[e2, f2]] = f1 + αf2.
LS17 : [[e1, e2]] = e1, [[e2, f1]] = −
1
2f1, [[e2, f2]] = f1 −
1
2f2.
[[f2, f2]] = e1.
LSα18 : [[e1, e2]] = e1, [[e1, f2]] = f1, [[e2, f1]] = αf1,
[[e2, f2]] = (α+ 1)f2.
LS19 : [[e1, e2]] = e1, [[e1, f2]] = f1, [[e2, f1]] = −f1,
[[f1, f2]] = e1, [[f2, f2]] = 2e2,
where α, β ∈ C. Furthermore, LSαn ≃ LS
α′
n if and only if α = α
′, for
n ∈ {6, 15, 16, 18}; LSα14 ≃ LS
α′
14 if and only if either α = α
′ or α+α′ = −1;
and LSα,β13 ≃ LS
α′,β′
13 if and only if {α, β} = {α
′, β′}.
3.1. Invariants in the variety LS(2,2). In order to obtain all possible
degenerations in LS(2,2), we list some of the invariants for every (2, 2)-
dimensional Lie superalgebra. We list all Lie superalgebras from higher
to lower orbit dimension.
Table 1: Invariants
g dimO(g) rk Γg (dim(g1)0,dim(g1)1) ci,j(g)
LS1 6 2 (2,0) 6 ∃
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Table 1: (continued)
g dimO(g) rk Γg (dim(g1)0,dim(g1)1) ci,j(g)
LS5 6 0 (0,2) 6 ∃
LS19 6 2 (2,1) c2i,2j = 2
LS4 5 2 (2,0) 6 ∃
LS7 5 1 (1,2) c2i,2j = 2
LS8 5 1 (1,1) ci,j = 1
LS9 5 0 (0,2) ci,j = 2
LSα14 5 1 (1, 2− δ0,α − δ1,α) ci,j =
((−1)i+αi+(−α−1)i)((−1)j+αj+(−α−1)j)
(−1)i+j+αi+j+(−α−1)i+j
LSα6=−
1
2
15 5 1 (1, 2− δ0,α) ci,j =
(
(−1)i+αi+(− 1
2
)i
)(
(−1)j+αj+(− 1
2
)j
)
(−1)i+j+αi+j+(− 12 )
i+j
LS17 5 1 (1,2) ci,j =
(
(−1)i+2(− 12 )
i
)(
(−1)j+2(− 12 )
j
)
(−1)i+j+2(− 12 )
i+j
LSα18 5 0 (1,2− δα,−1) ci,j =
((−1)i+αi+(1+α)i)((−1)j+αj+(1+α)j)
(−1)i+j+αi+j+(1+α)i+j
LS2 4 1 (1,0) 6 ∃
LSα6=16 4 0 (0, 2− δ0,α) c(1+δ−1,α)i,(1+δ−1,α)j =
(1+αi)(1+αj)
1+αi+j
LS10 4 0 (0,2) ci,j = 2
LS12 4 1 (1,1) 6 ∃
LSα6=β13 4 0 (1, 2− δ0,α − δ0,β) ci,j = ((−1)
i+αi+βi)((−1)j+αj+βj)
(−1)i+j+αi+j+βi+j
LS−
1
2
15 4 1 (1,2) ci,j =
(
(−1)i+2(− 12 )
i
)(
(−1)j+2(− 12 )
j
)
(−1)i+j+2(− 12 )
i+j
LSα16 4 0 (1, 2− δ0,α) ci,j = ((−1)
i+2αi)((−1)j+2αj)
(−1)i+j+2αi+j
LS3 3 1 (1,0) 6 ∃
LS11 3 0 (0,1) 6 ∃
LS16 2 0 (0,2) ci,j = 2
LSα,α13 2 0 (1, 2− 2δ0,α) ci,j = ((−1)
i+2αi)((−1)j+2αj)
(−1)i+j+2αi+j
LS0 0 0 (0,0) 6 ∃
3.1.1. Non-degenerations. Most of the non-degeneration arguments can be
seen from Table 1 and by using Lemmas 2.4, 2.5 and 2.8. We list here the
non-degenerations obtained by comparing (α, β, γ)-derivations or by using
Lemma 2.7. In every case, g represents the Lie superalgebra on the left of
the arrow, and h represents the Lie superalgebra on the right of the arrow.
Table 2: Non-degenerations
Non-degeneration g→ h Reason
LS1,
1
γ
13 6→ LSγ,γ13 , γ 6= −1 dimD (1, 1,−1)1 (g) = 1 > 0 = dimD (1, 1,−1)1 (h)
LSα,β13 6→ LS16 dimD
(
1
α
, 1,−1)
1
(g) = 1 > 0 = dimD
(
1
α
, 1,−1)
1
(h)
LS1,213 6→ LS
1
2
, 1
2
13 dimD (1, 1,−1)1 (g) = 1 > 0 = dimD (1, 1,−1)1 (h)
LS1,−213 6→ LS
− 1
2
,− 1
2
13 dimD (1, 1,−1)1 (g) = 1 > 0 = dimD (1, 1,−1)1 (h)
LS1,−
1
2
13 6→ LS−2,−213 dimD (1, 1,−1)1 (g) = 1 > 0 = dimD (1, 1,−1)1 (h)
LSα,−
1
2
13 6→ LS16 dimD (−2, 1,−1)1 (g) = 1 > 0 = dimD (−2, 1,−1)1 (h)
LS9 6→ LS−16 dimD(1, 1, 0)1(g) = 1 > 0 = dimD(1, 1, 0)1(h)
LSα14 6→ LSβ,β+113 , LS
β,− 1
2
13 , LS16 F(g) ≃ LSα,−(α+1)13 6→ h = F(h)
LS114 6→ LS
− 1
2
16 ,LS
− 1
2
15 dimD
(− 1
2
, 1,−1)
1
(g) = 1 > 0 = dimD
(− 1
2
, 1,−1)
1
(h)
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LS014 6→ LS−16 dimD (0, 1,−1)1 (g) = 8 > 2 = dimD (0, 1,−1)1 (h)
LS−
1
2
14 6→ LSα,α+113 F(g) ≃ LS
− 1
2
,− 1
2
13 6→ h = F(h)
LS−
1
2
14 6→ LS
α,−(α+1)
13 F (g) ≃ LS
− 1
2
,− 1
2
13 6→ h = F(h)
LS−
1
2
14 6→ LS
− 1
2
16 dimD (−2, 1,−1)1 (g) = 2 > dimD (−2, 1,−1)1 (h)
LS−
1
2
14 6→ LS11,LS12 F(g) ≃ LS
− 1
2
,− 1
2
13 6→ LS11 = F(h)
LS−
1
2
15 6→ LS11 F(g) ≃ LS
− 1
2
,− 1
2
13 6→ LS11 = F(LS11)
LSα15 6→ LS2 ab(g) ≃ LS3 6→ h = ab(h)
LSα15 6→ LSβ6 ,LS10, LSβ,γ13 , LSβ16 F(g) ≃ LS
α,− 1
2
13 6→ h = F(h)
LSα15 6→ LS
− 1
2
15 F(g) ≃ LS
α,− 1
2
13 6→ LS
− 1
2
,− 1
2
13 ≃ F(h)
LS17 6→ LSα,α+113 , LSα,−(α+1)13 F(g) ≃ LS
− 1
2
16 6→ h = F(h)
LS−
2
3
18 6→ LS
− 3
2
,− 1
2
13 dimD
(
2
3
, 1,−1)
1
(g) = 1 > 0 = dimD
(
2
3
, 1,−1)
1
(h)
LS−218 6→ LS
1
2
,− 1
2
13 dimD (−1, 1,−1)1 (g) = 1 > 0 = dimD (−1, 1,−1)1 (h)
LS−
1
3
18 6→ LS
3
2
,− 1
2
13 dimD
(
1
3
, 1,−1)
1
(g) = 1 > 0 = dimD
(
1
3
, 1,−1)
1
(h)
LS−318 6→ LS
3
2
,− 1
2
13 dimD (3, 1,−1)1 (g) = 1 > 0 = dimD (3, 1,−1)1 (h)
LS118 6→ LS
1
2
16,LS
1
2
, 1
2
13 dimD
(
1
2
, 1,−1)
1
(g) = 1 > 0 = dimD
(
1
2
, 1,−1)
1
(h)
LS
γ
1−γ
18 6→ LSγ,1−γ13 , γ 6= 1±
√−3
2
, 0, 2 dimD (1− γ, 1,−1)1 (g) = 1 > 0 = dimD (1− γ, 1,−1)1 (h)
LS
γ
1−γ
18 6→ LSγ,1−γ13 , γ ∈
{
1±√−3
2
, 2
}
dimD
(
γ
γ−1 , 1, 0
)
1
(g) = 1 > 0 = dimD
(
γ
γ−1 , 1, 0
)
1
(h)
LS
1−γ
γ
18 6→ LS1−γ,γ13 , γ 6= 1±
√−3
2
,±1 dimD (γ, 1,−1)1 (g) = 1 > 0 = dimD (γ, 1,−1)1 (h)
LS
1−γ
γ
18 6→ LS1−γ,γ13 , γ ∈
{
1±√−3
2
,−1
}
dimD
(
γ−1
γ
, 1, 0
)
1
(g) = 1 > 0 = dimD
(
γ−1
γ
, 1, 0
)
1
(h)
LS018 6→ LS16, LS10 dimD (0, 1,−1)1 (g) = 8 > 2 = dimD (0, 1,−1)1 (h)
LSα18 6→ LSβ6 , β 6= 0, 1 dimD (1, 1,−1)1 (g) = 2 > 0 = dimD (1, 1,−1)1 (h)
3.2. Degenerations. Next we summarize the essential degenerations g→ h
in the variety LS(2,2). In every case, we provide a parametric change of basis
{xt1, x
t
2, y
t
1, y
t
2} of g such that for t = 0 we obtain the Lie products of h. For
example, consider the first degeneration in Table 3: LS19 → LS4. The
parameterized base products of LS19 are:
[[xt1, x
t
2]] = 2tx
t
1, [[x
t
1, y
t
2]] = ty
t
1, [[x
t
2, y
t
1]] = −2ty
t
1, [[y
t
1, y
t
2]] = x
t
1, [[y
t
2, y
t
2]] = x
t
2.
When t = 0 we obtain the products of LS4.
Table 3: Degenerations
g→ h Parametrized bases
LS19 → LS4 xt1 = te1, xt2 = 2te2, yt1 =
√
tf1, yt2 =
√
tf2
LS19 → LS12 xt1 = te2, xt2 = te1, yt1 =
√
t
2
f1, yt2 =
√
t
2
f2
LS19 → LS−118 xt1 = e1, xt2 = e2, yt1 = tf1, yt2 = tf2
LS19 → LS014 xt1 = te1, xt2 = e2, yt1 = f2, yt2 = tf1
LS1 → LS4 xt1 =
√
t (−e1 + e2), xt2 = e1 + e2, yt1 =
√
t (−f1 + f2), yt2 = f1 + f2
LS5 → LS9 xt1 = e1 + e2, xt2 = te1, yt1 = tf1, yt2 = f1 + f2
LS5 → LSα6 xt1 = te1, xt2 = e1 + αe2, yt1 = f1, yt2 = f2
LS4 → LS2 xt1 = e1, xt2 = t(t − 1)e1 + te2, yt1 = f1, yt2 = 12t f1 + tf2
LS7 → LS2 xt1 = e1, xt2 = te2, yt1 = − i2f1 + if2, yt2 = 12f1 + f2
LS7 → LS−16 xt1 =
1
t e1, xt2 = e2, y
t
1 = f1, y
t
2 = f2
LS7 → LS12 xt1 = e1, xt2 = te2, yt1 = f1, yt2 = 12t f1 + tf2
LS8 → LS2 xt1 = e1, xt2 = te2, yt1 = f1 + f2, yt2 = f2
LS8 → LS06 xt1 = e1, xt2 = e2, yt1 = f1, yt2 = tf2
LS8 → LS12 xt1 = e1, xt2 = te2, yt1 = f1, yt2 = 1t f1 + f2
LS9 → LS10 xt1 = te1, xt2 = e1 + e2, yt1 = f1, yt2 = f2
LSα14 → LSα,−(α+1)13 xt1 = 1t e1, xt2 = e2, yt1 = f1, yt2 = f2
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Table 3: (continued)
g→ h Parameterized bases
LSα14 → LS2 xt1 = e1, xt2 = te2, yt1 = −if1 + i2 f2, yt2 = f1 + 12f2
LSα6=−
1
2
15 → LS12 xt1 = e1, xt2 = te2, yt1 = f1, yt2 = 2t(2α+1)f1 + f2
LSα15 → LS
α,− 1
2
13 x
t
1 =
1
t
e1, xt2 = e2, y
t
1 = f1, y
t
2 = f2
LS−
1
2
14 → LS
− 1
2
15 x
t
1 = e1, x
t
2 = e2, y
t
1 = f1, y
t
2 = tf2
LS17 → LS10 xt1 = e1, xt2 = te2, yt1 = f1 + f2, yt2 = f2
LS17 → LS12 xt1 = t2e1, xt2 = te2, yt1 = t2f1, yt2 = tf2
LS17 → LS−
1
2
16 x
t
1 =
1
t
e1, xt2 = e2, y
t
1 = f1, y
t
2 = f2
LS17 → LS−
1
2
15 x
t
1 = e1, x
t
2 = e2, y
t
1 = f2, y
t
2 =
1
t
f1
LSα18 → LSα,α+113 xt1 = e1, xt2 = e2, yt1 = 1t f1, yt2 = f2
LS2 → LS3 xt1 = e1, xt2 = e2, yt1 = f1, yt2 = tf2
LSα6=16 → LS11 xt1 = 1t e1, xt2 = −te2, yt1 = tf2, yt2 = f1 − 1α−1f2
LS10 → LS11 xt1 = e1, xt2 = te2, yt1 = f1, yt2 = 1t f2
LS10 → LS16 xt1 = e1, xt2 = e2, yt1 = 1t f1, yt2 = f2
LS12 → LS11 xt1 = te1, xt2 = e2, yt1 = f1, yt2 = f2
LS12 → LS3 xt1 = e1, xt2 = te2, yt1 = f2, yt2 = f1
LSα6=β13 → LS11 xt1 = 1t e1, xt2 = −te2, yt1 = tf2, yt2 = f1 + 1α−β f2
LSα16 → LS11 xt1 = e1, xt2 = te2, yt1 = f1, yt2 = 1t f2
LSα16 → LS13 (α,α) xt1 = e1, xt2 = e2, yt1 = 1t f1, yt2 = f2
LS−
1
2
15 → LS3 xt1 = e1, xt2 = te2, yt1 = f1, yt2 = f2
LS−
1
2
15 → LS
− 1
2
,− 1
2
13 x
t
1 =
1
t
e1, xt2 = e2, y
t
1 = f1, y
t
2 = f2
With all this, we can draw the Hasse diagram of essential degenerations
for the variety LS(2,2):
O
N
D
E
G
E
N
E
R
A
T
IO
N
S
O
F
L
IE
S
U
P
E
R
A
L
G
E
B
R
A
S
9
LS19 LS1 LS5
LSα18 LS17 LS
α
14 LS
α6=− 1
2
15
LS7 LS8 LS4 LS9
LS
− 1
2
15
LSα16 LS10 LS12 LS
α6=β
13
LS2 LS
α6=1
6
LS3 LS11
LS16LS
α,α
13
LS0
α = −1 α = 0
β = α + 1
α = − 1
2
β = −(α + 1)
α = − 1
2
α = −1
α = 0
β = − 1
2
α = − 1
2
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3.3. The irreducible components of LS(2,2). In order to describe the ir-
reducible components which are closures of single orbits, we must obtain the
rigid Lie superalgebras in LS(2,2). Analogous to the Lie algebras case, it fol-
lows that if the cohomology group (H2(g, g))0 = 0 then the Lie superalgebra
g is rigid. Then we obtain:
Theorem 3.2. There are 3 rigid Lie superalgebras in the variety LS(2,2):
LS19, LS1 and LS5. Moreover, LS1 is a rigid nilpotent Lie superalgebra.
Proof. The second cohomology groups are:
• H2(LS19,LS19) = 〈0〉 ⊕ 〈e
1 ∧ e2 ⊗ f1 − e
1 ∧ f2 ⊗ e1 + e
2 ∧ f1 ⊗ e1〉.
• H2(LS1,LS1) = 〈0〉 ⊕ 〈2e
1 ∧ f2 ⊗ e1 + f
1 ∧ f2 ⊗ f1, 2e
2 ∧ f1 ⊗ e2 +
f1 ∧ f2 ⊗ f2〉.
• H2(LS5,LS5) = 0.

The degenerations in the next table, will help us to obtain the irreducible
components which are closure of the union of infinite families of Lie superal-
gebras. Suppose L = {g(α)}α is an infinite family of Lie superalgebras, then
we consider α (= α(t)) as parameterized by t and construct a degeneration
from g(α(t))→ h as usual.
Table 4: Degenerations
g(α) → h Parametrized bases
LSα(t)14 → LS17 xt1 = e1, xt2 = e2, yt1 = −i
√
tf1, yt2 =
1
2
f1 + f2
α(t) = − 1
2
− i√t
LSα(t)14 → LS7 xt1 = e1, xt2 = −te2, yt1 = f1, yt2 = f2
α(t) = − 1
t
LSα(t)15 → LS8 xt1 = e1, xt2 = −2te2, yt1 = f1, yt2 = f2
α(t) = − 1
2t
LSα(t)18 → LS9 xt1 = −te2, xt2 = e1, yt1 = f1, yt2 = f2
α(t) = − ( 1+t
t
)
LSα(t),β(t)13 → LSγ6 xt1 = e1, xt2 = te2, yt1 = f1, yt2 = f2
α(t) = 1
t
, β(t) = γ
t
LSα(t),β(t)13 → LSγ16 xt1 = e1, xt2 = e2, yt1 = 2
√
tf1, yt2 = f1 + f2
α(t) = γ+
√
t
1+t
, β(t) = γ−
√
t
1+t
With all this, we can enunciate the main theorem of this Section:
Theorem 3.3. The irreducible components of the variety LS(2,2) are:
• C1 = O(LS19),
• C2 = O(LS1),
• C3 = O(LS5),
• C4 =
⋃
α
O(LSα14),
• C5 =
⋃
α
O(LSα15),
• C6 =
⋃
α
O(LSα18),
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• C7 =
⋃
α,β
O(LSα,β13 ).
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